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RATIONAL MODELS OF THE COMPLEMENT 
OF A SUBPOLYHEDRON IN A MANIFOLD 
WITH BOUNDARY 

HECTOR CORDOVA HELENS, PASCAL LAMBRECHTS, 
AND DON STANLEY 


Abstract. Let W he a. compact simply connected triangulated 
manifold with boundary and AT C TV be a subpolyhedron. We con¬ 
struct an algebraic model of the rational homotopy type of W\K 
out of a model of the map of pairs (AT, K{^dW) ^ {W, dW) under 
some high codimension hypothesis. 

We deduce the rational homotopy invariance of the configuration 
space of two points in a compact manifold with boundary under 
2-connectedness hypotheses. Also, we exhibit nice explicits models 
of these configuration spaces for a large class of compact manifolds. 


1. Introduction 

Let lU be a compact and simply-connected manifold with bonn- 
dary (in this paper all manifolds are triangnlated). Let f:K^W 
be the inclnsion of a snbpolyhedron. The hrst goal of this paper is 
to determine the rational homotopy type of the complement W\K. 
We will then apply this to dednce the rational homotopy type of the 
conhgnration space of two points in a manifold with bonndary nnder 
2-connectedness hypotheses. Hence this paper extends the resnlts of 
[S] and |H] to the case of manifolds with boundary. 

The main resnlt of [H] is an explicit description of the rational homo¬ 
topy type of W\K when IT is a closed manifold and A is a snbpoly¬ 
hedron of codimension > (dimIT)/2-|-2. This rational homotopy type 
depends only on the rational homotopy class of the inclnsion K 
(P Theorem 1.2]). 

The situation for manifolds with boundary is different. For exam¬ 
ple, let W be an n-dimensional disk D” and A be a point. If A is 
embedded in the interior of D”' then W\K ~ On the contrary, 

if A is embedded in the boundary of then W\K ~ *. Hence the 
complements W\K have different rational homotopy types, although 
the two inclusions K ^ W are homotopic. These examples show that 
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we need more information to determine the rational homotopy type of 
W\K. Our main result is that the only extra information needed is 
related to the inclusion of dW O in dW. More precisely, we have the 
following result 

Theorem 1.1 1 Corollary 14.0 and Theorem 14.51) . Let W he a compact 
simply connected triangulated manifold with boundary and let K he a 
subpolyhedron in W. 

Assume that 


(1) dim hh > 2 dimi^ + 3. 

Then the rational homotopy type of W\K depends only on the rational 
homotopy type of the square of inclusions 


( 2 ) 


{Kndwy 




dW 


W. 


Moreover a CDGA model of W\K (that is, an algebraic model in the 
sense of Sullivan of this rational homotopy type, see Section can 
be explicitely constructed out of any CDGA model of Diagram ([ 2 ]). 

Actually we will see that the high codimension hypothesis ([T]) can 
be weakened. Indeed we will establish a sharp unknotting condition, 
which is an inequality relating the connectivity of the inclusion maps 
and the dimensions of the manifold and the subpolyhedron (see fl22]) 
in Corollary 14.6p . under which we still get a CDGA model of the com¬ 
plement. 

There is an interesting application of this theorem to the study of 
conhguration spaces of 2 points in W, 

Conf(IT,2) := {{xi,X 2 ) eWxW:xiy X 2 }. 

Indeed this conhguration space is the complement 
Conf (IT, 2) = IT X IT \ A(IT) 

where A: IT IT x IT is the diagonal embedding. We will deduce 
from Theorem II. li the following result. 


Theorem 1.2 fCorollary 15.51) . Let W be a 2-connected compact mani¬ 
fold with a 2-connected or empty boundary. The rational homotopy 
type of the configuration space Conf(IT, 2) depends only on the rational 
homotopy type of the pair (IT, dW). 

In |1] we prove that a large class of compact manifolds with bound¬ 
ary admit CDGA models of a special form that we call surjective pretty 
models. This class contains in particular even-dimensional disk bundles 
over a closed manifold and complements of high codimensional poly- 
hedra in closed manifolds. As a consequence, such manifolds admit a 
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CDGA model of the form P/I where P is a Poincare duality CDGA 
and I is some differential ideal. Poincare duality GDGAs come with a 
natural diagonal class A G (P(8)P)"^. We then get the following elegant 
model for the conhguration space (see Section 15.31 for more details) 

Theorem 1.3. fTheorem \5.8\) Let W be a compact manifold of dimen¬ 
sion n with boundary and assume that W and dW are 2-connected. 
If (IP, dW) admits a surjective pretty model in the sense of [1] then a 
CDGA model o/Gonf(lP,2) is given by 

(P//0P//) (B^ss-^P/I, 

where P is the Poincare duality CDGA and I the ideal associated to the 
pretty model, and A' is a map induced by multiplication by the diagonal 
class A e (P 0 P)". 

When IP is a closed manifold, we have / = 0 and the model of 
Theorem 11.31 is exactly that of [S] . 

In the paper [3] in preparation we will show how to build a model (of 
dgmodules) of Gonf(lP, k), k > 2, which enables to compute effectively 
the homology of the space of conhgurations of any number of points in 
a manifold with boundary. This model will be of the form 

(p/j)®fc 0 A{gij :l<i <j <k) 

(Arnold and symmetry relations) ’ 

mimicking the model in m- 

Here is the plan of the paper. Section [2] contains a very short review 
on rational homotopy theory, the notion of truncation of a GDGA, a 
discussion on GDGA structures on mapping cones, and the notion of 
homotopy kernel. Section [3] is a hrst step to the understanding of a 
dgmodule model of the complement W\K and in Section|3]we establish 
a GDGA model of that complement. In SectionOwe apply the previous 
results to the model of the conhguration space of 2 points in compact 
manifolds, with some developments of the examples of conhguration 
spaces on a disk bundle or in the complement of a polyhedron in a 
closed manifold. 



2. Truncation of dgmodules and CDGA’s, and CDGA 

STRUCTURES ON MAPPING GONES. 

This section contains a quick review on some classical topics that 
we will need with some special development. In particular in 12.31 we 
explain some notion of truncation of a GDGA, and in 12.41 we show how 
to endow a mapping cone (or its truncation) with the structure of a 
GDGA. 
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2.1. Rational homotopy theory. In this paper we will use the stan¬ 
dard tools and results of rational homotopy theory, following [B]. Recall 
that ApL is the Sullivan-de Rham functor and that for a 1-connected 
space of hnite type, X, App{X) is a commutative differential graded 
algebra (CDGA for short), which completely encodes the rational ho¬ 
motopy type of X. Any CDGA weakly equivalent to Apl{X) is called 
a CDGA model of X. All our dgmodules and CDGAs are over the held 
Q. 


2.2. Truncation of a dgmodule. The classical truncation of a co¬ 
chain complex, i.e. Q-dgmodule, C, is classicaly dehned by (see [121 
Section 1.2.7]) 

f G* if i < AT 

(3) {f^^cy = I n ker d if i = A^ 

[o iii>N 

This comes with an inclusion 

l: -A G 

which induces isomorphisms for i < N, and such that 

(f^^G) = 0. 

When R is an A-dgmodule, the truncation f-^R is not necessarily 
an A-dgmodule. In that case a better replacement would be to take 
for the truncation a quotient R/I where J is a suitable A-dgsubmodule 
such that R = Rd for i > N. In this paper we will use the following: 


Definition 2.1. Let R he an A-dgmodule and let N be a positive inte¬ 
ger. A truncation below degree N of R is an A-dgmodule, r-^R, and 
a morphism tt: R ^ r-^R of A-dgmodules verifying the two following 
conditions: 

(1) {t^^R)>^ = 0 and {t^^R)<^ = R<^ , and 

(2) the morphism vr is a surjection of A-dgmodules such that 
is an isomorphism for 0 < i < N. 

Contrary to f-^ from ([3]), our truncation R is not unique and 
is not a functorial construction. 


2.3. Truncation of a CDGA. 

Definition 2.2. Let A be a connected CDGA. A CDGA truncation 
below degree A of A is a truncation of A-dgmodule A, vr) such 
that t-^A is a CDGA and tt : A —>• f-^A is a CDGA morphism. 

Equivalently a CDGA truncation can be seen as a projection tt : A —)■ 
A/1 where / is an ideal of A such that = 0, = A^^ and 

/^©(kerdnA^) = A^. 

Proposition 2.3. Any two CDGA truncations below degree N of a 
given connected CDGA are weakly eguivalent. 
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Proof. Let A be a connected CDGA and iV G N. It is easy to construct 
a relative Sullivan model 

l: A> -- {A(^AV,D) 

such that is an isomorphism, V = V-^ and {A^AV, D) = 

0. Indeed, one builds inductively V = V-^ by adding generators to 
eliminate all the homology in degrees > N. It is straightforward to 
check that any CDGA truncation tt : A —)■ r-^A factors as follows 



where m{V) = 0. Since and are isomorphisms and 

H^^{A ® AV,D) = A) = 0, we deduce that m is a quasi¬ 

isomorphism. Therefore any two truncation of A are quasi-isomorphic 
to (A 0 AG, D) , and hence are weakly equivalent 

□ 

2.4. Semi-trivial C(D)GA structures on mapping cones. Let A 

be a CDGA and let R be an A-dgmodule. We will denote by s^R 
the k-th suspension of R, i.e. {s’^Ry = and for a map of A- 

dgmodules, /: i? —)■ Q, we denote by s*'/ the k-th suspension of /. 
Furthermore, we will use if to denote the linear dual of a vector space, 
ifV = hom{V, Q), and iff to denote the linear dual of a map /. 

If /: Q —)• .R is an A-dgmodule morphism, the mapping cone of / is 
the A-dgmodule 

cu) ■■= (R©/ sQy) 

dehned by R © sQ as an A-module and with a differential 5 such that 
5(r, sq) = (d/j(r) + /(g), -shgiq)). 

When R = A, the mapping cone G(/: Q —)■ A) can be equipped with 
a unique commutative graded algebra (CGA) structure that extends 
the algebra structure on A, respects the A-dgmodule structure, and 
such that (sg) ■ {sq') = 0, for g, q' G Q. We will call this structure 
the semi-trivial CGA structure on the mapping cone A ©y sQ (see 0 
Section 4]). The following result is very useful to detect when this CGA 
structure is, in fact, a CDGA structure. 

Definition 2.4. Let A be a CDGA. An A-dgmodule morphism f: Q ^ 
A is balanced if : 

(4) f{x)y = xf{y) for allx,y eQ. 

The importance of this notion comes from the following proposition. 

Proposition 2.5. Let Q be an A-dgmodule and f:Q^A be an A- 
dgmodule morphism. If f is balanced then the mapping cone C{f) = 
A(Bf sQ endowed with the semi-trivial CGA structure is a CDGA. 
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Proof. The only non trivially verified condition for C{f) being a CDGA 
is the Leibniz rule for the differential, which is a consequence of fITl) . 
See the proof of [U Proposition 2.2] for more details. □ 

Proposition 2.6. Let A be a connected CDGA and let f: Q ^ A be 
an A-dgmodule morphism. Let p and N be natural integers such that 
Q<p = 0 and N < 2p — 3. Then the semi-trivial CCA structure on the 
mapping cone C{f) induces a CDGA structure on {C{f)), and 

A ^ T^^iCif)) 

is a CDGA morphism. 

Proof. Analogous argument as for the proof of Proposition 2.5. See the 
proof of [21 lemme 4.5] for more details. □ 

Remark 2.7. In the rest of this paper, when a mapping cone is eguipped 
with a CDGA structure it will be understood that it comes from the 
semi-trivial structure. 

2.5. Homotopy kernel. In this section we recall the notion of homo- 
topy kernel and some of its properties. 

Definition 2.8. Let f:M^N be a morphism of A-dgmodules. The 
homotopy kernel of f is the A-dgmodule mapping cone 

hoker / := s~^N ©s-i/ M, 

which comes with an obvious map 

hoker f ^ M ; m) i—>• m. 

The following result is a consequence of the five lemma and justifies 
the terminology “homotopy kernel”. 

Proposition 2.9. Let f: M ^ N be a surjective morphism of A- 
dgmodules. Then the morphism 

(p : ker / hoker / 

m I —> (0,m) 

is an A-dgmodule guasi-isomorphim. 

3. Lefschetz duality for manifolds with boundary 

The aim of this section is to prove Proposition 13.11 below, which is a 
first step towards the description of the rational homotopy type of the 
complement of a subpolyhedron in a manifold with boundary. 

Let VP be a closed connected oriented triangulated manifold of di¬ 
mension n with boundary and let / : iP IT be the inclusion of a 
connected subpolyhedron of dimension k in W. Denote by dW the 
boundary of W and set 

( 5 ) 


dwK :=KndW. 
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In this section we will construct a dgmodule model oiW\K^ extending 
[m Theorem 6.3] to manifolds with boundary. Consider the diagram 

(6) W ^ 

dW 

df 

which after applying the Api functor gives 

( 7 ) Apl{W) Apl{K) 

ApiidW) -5- ApL^dwK). 

Recall that for a map of spaces Y —>• X, we set 

Apl{X,Y) = ker(y4p2,(X) —)■ AppiY)). 

The inclusion of pairs 

i- {K,dwK) -A {W,dW) 
induces an 74pp(hT)—dgmodule morphism 

( 8 ) Apl{{} : Apl{W, dW) ^ Apl{K, dwK). 

Using our notation for mapping cones, suspension and linear duals from 
Section [231 consider the map 

s-'^#ApL{t): s-^#ApL{K,dwK) ^ s-'^j^AppiW^dW) 

and its mapping cone 

( 9 ) 

with the inclusion 

(10) s-’^#App(IU,aiU) -A C (s-'^#App(7)) . 

Since (IT, dW) is an oriented compact manifold of dimension n, Poincare 
duality induces a quasi-isomorphism of y4pp(IU)—dgmodules 

(11) : Apl{W) ^ s-^4fApL{W, dW) 

(see (Il2l) in the proof of Proposition id.ll below for an explicit description 
of ^w-) 

Proposition 3.1. The map 

Apl{W) ^ ApLiW\K) 

is weakly equivalent in the category of ApL{W)-dgmodules to the map 
L o <l>^: Apl{W) —>• C(s ^ffApL{i)) 
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where C{s~'^ij^Api{i)) is the mapping cone ([2]), i is from ([TU]) . and 
is from fllip . 

Proof. First we review from im Section 4] a variation of the functor 
Api defined on ordered simplicial complex and having an improved 
excision property. Recall from [SI Chapter 10] that App is actually 
dehned hrst on simplicial sets. Consider the category, /C, of ordered 
simplicial complexes. To any ordered simplicial complex, K, we can 
associate naturally a simplicial set, iC,, whose non-degenerate simplices 
are exactly the simplices of K (see |S1 p.108]). Dehne the functor 

A^l-JC^ ADGC; K Apl{K.). 

This functor verihes the two following properties (see HH Section 4]): 

(1) Apl{\K\) ~ Apl{K) naturally for every ordered simplicial com¬ 
plex (where |iF| is the geometric realization). 

(2) Strong excision property : Let {K, L) be a pair of ordered sim- 
plicial complexes. Let K' (Z K a, sub-complex and L' = K' f] L. 
li K' U L = K then the inclusion j : {K', L') (iC, L) induces 
an isomorphism 

Apiij)- Apl{K,L) Apl{K', L'). 

(Note that App{j) is a quasi-isomorphism by the classical exci¬ 
sion property.) 

Consider now the triangulated compact manifold W and its sub¬ 
polyhedron K. Replace those polyhedra W and K by their second 
barycentric subdivision. Denote by T the star of K in hF, which is a 
regular neighborhood (see [U chapters 1 and 2]), hence T is a codimen¬ 
sion 0 submanifold with boundary and it retracts by deformation onto 
K. It is clear that the topological closure W \ T of IT \ T is homotopy 
equivalent to W\K. Set 

d+T = dTndW 

d-T = {dT n (IT \ dW)) =TnW\T 
doT = d+Tnd.T, 

which gives a decomposition of the boundary of T, 

dT = d+T Aa,T d.T. 

Our next goal is to set up Diagram (Il3l) below. Let us £x an arbitrary 
order on the vertices of the simplicial complex IT such that IT and the 
subpolyhedron T, dT, dpT, d-T, doT, K and dwK turn into ordered 
simplicial complexes. We can apply to them the functor App which is 
naturally quasi-isomorphic to App. To prove the result, it suffices to 
show that the mapping cone App{i)) is a model of App{W)- 

dgmodule of App{W\T). To ease notations, in the rest of this proof 
we will write App instead of App. 
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The inclusion of the pair 

(T, dT) -A {W, W\T U dW) 

induces by the strong excision property above an isomorphism 

ApL{W,W\T{JdW) ^ApL{T,dT). 

Denote by n the dimension of W. By Poincare duality of the pair 
{W,dW), there exists an orientation 

ew ■ ApL{W,dW) ^ 

i.e. a morphism of cochain complexes that induces an isomorphism in 
cohomology in degree n. Using this morphism we can define a mor¬ 
phism of ylp 2 ,(lU)-dgmodules 

AppiW) s-^i^AppiW.dW) 

oi I—>■ ) 

which is a quasi-isomorphism by Poincare duality of the pair (fU, dW). 
The composition 

ep : ApL{T,dT) = ApL{W,W^UdW) ApL{W,dW) ^ s^Q 

induces an isomorphism in cohomology in degree n. Define 

d>r: Apl{T) s-^i^App{T,dT) 

OL I- )■ ($2’(q;) ! /d I —)■ 62 ’(Q;/d)) 

which is a quasi-isomorphism of Api(lU)-dgmodules by Poincare du¬ 
ality of the pair (T, dT\ Also, using the quasi-isomorphism above and 
the five lemma, it is not difficult to see that the morphism 

<lr: App{T,d_T) s-'^j^AppiT.dpT) 

Ot I- \ ^*h2’(Q;) ! /d I —\ 6p(Q;/d)^ 

is a quasi-isomorphism of App(T)-dgmodules, hence of App(lU)- 
dgmodules. 

The inclusion 

{K,dwK)^{T,dpT) 

is a homotopy equivalence and induces a weak equivalence of AppiW)- 
dgmodules 

App(T,a+T) ^ ApL{K,dwK). 

By the strong excision property, the inclusion 

(T,(9_T) -A (fU,W\T) 

induces an isomorphism 

Apl{W,W^) ^ ApL{T,d_T). 
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Combining all these morphisms we get the following commutative dia¬ 
gram of y4pi(hh)-dgmodules 
(13) 

0 -- 0 -- Apl{W) AppiW) - 


(*) 


AplU) 


App{W,W\T) 

= exc 

ApL{T,d_T) 


ApLiW) 




AplU) 


Apl{W\T) 


s-^#Apl{T, d+T) -- s-^i^App{W, dW) 


s--#Apl{K, dwKl-^ s--i^ApL{W, 


0 

0 


and the two top lines are short exact sequences. 

Properties of mapping cones and of short exact sequences imply that, 
in the category of ApL(iy)-dgmodules, the morphism 

(14) Apl{j) : Apl{W) ^ Apl{W^) 

on the top right of (IT^ is equivalent to the map induced between the 
mapping cones of the horizontal maps of the square (*) in Diagram 0131) . 

(15) i<1apl(w) ©-sO : AppiW) © sO —)■ AppiW) © sAppiW, W\T). 

Since the vertical maps below the second line of ffT31) are quasi-isomorphisms, 
the morphism idApL(w) ©sO in flT^ is equivalent to 

6 0$;^; Apl{W) ^ C{s-^i^ApL{t)). 

The morphism Applj) of 0141) is clearly equivalent to 

Apl{W) ^ Apl{W\K). 

This hnishes the proof. □ 


4. Rational model of the complement of a subpolyhedron 

IN A MANIFOLD WITH BOUNDARY 

In this section we establish the CDGA model of the complement 
W \ K under some unknotting condition, in particular when the codi¬ 
mension of the subpolyhedron is high fTheorem 14.51) . We also state a 
partial CDGA model without unknotting condition fProposition 14.71 1 
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Consider the same setting as at the beginning of Section [21 in par¬ 
ticular Diagram (|2]). Suppose given a commutative diagram of CDGAs 


(16) 


A 




B 


a 


P 


dA - ^dB 

dtp 


that is a CDGA model of 

(17) 

dW ^dwK, 

in other words Diagram is quasi-isomorphic to Diagram (|7]). Note 
that in Diagram ffTflU . dA and dB are just the names of some GDGAs. 

The goal of this section is to construct from Diagram fITB]) a GDGA 
model of Apl{W\K). 

4.1. Dgmodule model of the complement W\K. Let A be a 

GDGA such that we have the following zig-zag of quasi-isomorphisms 

(18) A^^ A^^ Apl{W). 

The morphism p' induces a structure of A-dgmodule on Diagram (|7]) 
and the morphism p induces a structure of A-dgmodule on Diagram 
fllbp . From Diagram (ITf)H we deduce an A-dgmodules morphism be¬ 
tween the homotopy kernels of a and /? (see Section 12.51) 

(19) (p : hoker a —)• hoker f3. 

Note also that by Poincare duality of the pair {W^dW), we have a 
quasi-isomorphism of A-dgmodules 

6a'- a s~'^#hoker a. 

Proposition 4.1. An A-dgmodule model of 

Apl{W) ^ Apl{W\K) 

is given by the composite 

A ~ > s~"'4fhoker G(s“"'#(p) 

where is the mapping cone of the A-dgmodules morphism 

hoker /3 —>■ hoker a. 
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Proof. Since ffT^ is a CDGA model of ([7]), hoker a is weakly equivalent 
as an A-dgmodule to ApiiW, dW) and hoker {3 is weakly equivalent as 
an A-dgmodule to App^K^OwK). Hence, the result is a direct conse¬ 
quence of Proposition 13.11 □ 

Remark 4.2. If the morphisms a and (3 are surjective then we can 
work with the genuine kernel instead of the homotopy kernel. 

The major flaw of the dgmodule model oiW\K of Proposition 14.II is 
that there is no natural CDGA structure on it. The next proposition is 
a hrst step to endow this dgmodule model oiW\K with the structure 
of a CDGA. 

Proposition 4.3. Assume given an A-dgmodule morphism ip': Q ^ A 
weakly eguivalent to 

hoker f3 —>■ hoker a. 

Then an A-dgmodule of ApiiW) —)■ Apl{W\K) is given by 

A -A C(ip'j 

where C{ip'j is the mapping cone A ®^p\ sQ. 

Proof. This is a direct consequence of Proposition 14.11 □ 

Remark 4.4. The existence of such a morphism ip' is guaranteed if we 
take for Q a cofibrant A-dgmodule model of hoker (3. 

This new dgmodule model C{ip'j = A®^'. sQ of W\K has the advan¬ 
tage that A is a CDGA and therefore, under some dimension hypothe¬ 
ses, the semi-trivial CGA structure on the mapping cone described in 
Section 17741 makes it into a CDGA. We develop this in the next section. 

4.2. CDGA model of the complement W\K. We work in the set¬ 
up of diagrams fll6l) - fll7l) . Remember also the notion of semi-trivial 
CDGA structure on a mapping cone from Section [7~4I and the notion of 
CDGA truncation from SectionUnder some codimension and con¬ 
nectedness hypothesis for the inclusion f : K ^ W we can construct a 
CDGA model of W\K. More precisely, we have: 

Theorem 4.5. Let W be a compact connected oriented triangulated 
manifold of dimension n with boundary, and let K <Z W be a subpoly¬ 
hedron of dimension k. Consider Diagram fll7p and its CDGA model 
(USD. Let r be an integer such that the induced morphisms on homology 
H*{f;Q) and i7*((9/;Q) are r-connected, that is H<r(}V, K-,Q) = 0 
and H<r{dW,dwK-,Q) =0. 

Suppose given an A-dgmodule Q weakly eguivalent to s“"'#hoker (3 
such that = 0 and an A-dgmodules morphism 

(20) ip':Q^A 
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weakly equivalent to 

s-"#hoker (3 s-"#hoker a. 

If 

(21) r > 2fc — n + 2, 

then every truncation of the mapping cone C{(p') = 

A ©^! sQ equipped with the semi trivial structure is a CDGA, and the 
morphism 

A - ^ 

is a CDGA model of the inclusion 

W\K -A W. 

Moreover it is always possible to construct an A-dgmodule Q and a 
morphism tp' as in 0201) . 

This generalizes the main result of 0 Theorem 1.2] to manifolds with 
boundary. A hrst direct consequence of this theorem is the following 
corollary on the rational homotopy invariance of the complement under 
some connectedness- CO dimension hypotheses. 

Corollary 4.6. Let W be a compact triangulated manifold with bound¬ 
ary and K d W be a subpolyhedron. Assume that W and dW are 
1-connected and that the inclusions 

K ^ W and K ndW ^ dW 


are r-connected with 


(22) r > 2(dimA') — dimhh -|- 2. 

Then the rational homotopy type of W\K depends only on the rational 
homotopy type of the diagram 


dW 




The hypotheses fl?T]) (or equivalently ([22])) is called the unknotting 
condition and it cannot be removed as shown in 0 Section 9]. 

Proof of Theorem \4.5\ Let A be a CDGA such that we have a zig-zag 
of CDGA quasi-isomorphisms 

Apl{W)^A^A. 

p ^ 
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Set N ■■= 2{n — k) — 3. By Proposition 12.61 (with p = n — k), 
admits the structure of a CDGA induced by the semi-trivial CGA struc¬ 
ture on the mapping cone, and the composite 

A C((p') -- 

is a GDGA morphism. 

We now prove that H^^iW \ K) = 0 where (co)homology of spaces 
is understood with coefficients in Q. By excision and the connectedness 
hypotheses on H{df) and H{f), 

H<r{KU9^KdW, K) ^ H^r{dW, dwK) = 0 

and 

H<riW, K) = 0. 

Lefschetz duality and the long exact sequence of the triple 
{W,KAQ^KdW,K) give 

H^^-^W\K) ^ H<r{W, K Ua^K dW) = 0. 

The unknotting hypothesis fl2ip implies that N > n — r — 1, therefore 
H>^{W\K) = 0. 

By Proposition ld.dl A —>■ C{p') is an A-dgmodule model of Apl{W) —>• 
Apl{W\K). This implies that 

= H>^{W\K) = 0, 

therefore 

proj : C{p-) —^ T-^{C{p')) 

is a quasi-isomorphism. 

Thus the GDGA morphism 

A ^ tS" (C(,.’)) 

is a model of A-dgmodules of AppiW) —)■ Apl{W\K). We will prove 
that it is actually a GDGA model. 

Take a minimal relative Sullivan model (in the sense of [3 Ghapter 
14]) 



By Proposition |T31 A> -^ A ® AG is an A-dgmodule model of A —>• 

C{p'). Since {A® KV^D) is a cohbrant A-dgmodule, we can construct 
a weak equivalence of A-dgmodules 

A: A® AG ^ C{p') 
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making commute the following diagram, where the upper part is of 
CDGA and the lower part is of A-dgmodules, 


(24) 


Apl(W) -► ApdW\K) 



A=proj oA 



CW-) 


proj 




By Lefschetz duality and the hypothesis on the dimension of K 

W\K) ^ dwK) = 0. 

By minimality of the Sullivan relative model 0231) . this implies that 
y<n-k-i _ g_ therefore (A-'^V)-^ = 0 and, since C= 0, 
this implies that the composition 

A : (i ® AV, D) ^ ^ r^^(C'(v?')) 

is a morphism of CDGA. Thus all the solid arrows in Diagram (HM are 
of CDGAs. This achieves to prove that A is a GDGA 

model of W\K hh, as claimed. 

It remains to prove the existence of an A-dgmodule Q and a mor¬ 
phism ip'. Since H^^ihoker (3) = dwK) = 0, we have 

hoker (3) = 0. Therefore there exists a cohbrant A-dgmodule model Q 
of s"""# hoker (3 such that = 0. Since, by Poincare duality, 

hoker a ~ A, there exists an A-dgmodule morphism 

p- : Q —A 

weakly equivalent to s~'^i^p. □ 

Actually even when the unknotting condition fl?I]) of Theorem 14.51 is 
not satished, we still get a partial model of W\K. More precisely we 
get a GDGA model of W\K up to some degree, i.e. a model of the 
truncation of Apl{W\K). This is the content of the next proposition. 


Proposition 4.7. Consider the same hypotheses as in Theorem 14-5 
except that we do not assume the unknotting condition fl?T]) 

Lett-. A{W) A{W\K) he a CDGA model of Apl{W) Apl{W\K) 
such that A{W) and A(W\K) are connected. Set N = 2{n — k) — 3. 
Then the CDGA morphism 

A T^^C(p’) 

is a CDGA model of the composite 

TTol: A{W) -A A{W\K) t^^A{W\K). 


Proof of Proposition \4. 7[ The proof is very similar to that of Theorem 
14.51 The details to change are left to the reader. □ 
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Remark 4.8. We would have preferred in Proposition \4.T\ to state that 
A T^^(C(cp')) is a CDGA model of Apl{W) t^^Apl{W\K)). 
But the latter is not well defined because App(W\K) is not connected 
and hence we cannot take its truncation. This is the reason for consi¬ 
dering instead a model I: A{W) —)■ A{W\K) between connected CDGAs. 

Note that N = n—{2k—n+2) — l and therefore, nnder the nnknotting 
condition r > 2/c — n + 2, we have that iV > n — r — 1. Bnt, Poincare 
dnality and the r-connectedness implies that H-^~'^{W\K) = 0. Hence 
Theorem 14.51 is actually a corollary of Proposition 14.71 

5. Rational model of the configuration space of two 
POINTS IN A manifold WITH BOUNDARY 

In this section we use the results of Section H] to describe the rational 
homotopy type of the conhguration space of two points in a compact 
manifold with boundary under 2-connectedness hypotheses. In par¬ 
ticular we prove in Corollary 15.51 that the rational homotopy type of 
Conf(IT,2) depends only on the rational homotopy type of the pair 
(IT, dW) when IT and dW are 2-connected. We also construct in The- 
orem l5.4l an explicit CDGA model of Conf(IT, 2). Moreover in Theorem 
15.81 we describe an elegant CDGA model for Conf(IT, 2) when the pair 
(IT, dW) admits a pretty surjective model in the sense of [1]. 

Fix a compact connected orientable manifold of dimension n, IT, 
with boundary dW. Let 

A : IT IT X IT ; x hA (x, x) 

be the diagonal embedding. The conhguration space of two points in 
IT is the complementary space 

Conf(IT,2) := (IT x IT)\A(IT) = {{x,y) e IT x IT|x ^ y}. 

Notice that the diagonal embedding A is such that A(9IT) = dW and 
A“^(cIIT X dW) = dW. In other words, with the notation of ([S]), 

dw^w (A(M^)) = A(aiT) ^ dW. 

Therefore, according to Corollary 14.bl if IT and dW are connected 
enough, then the rational homotopy type of Conf(IT, 2) = ITxIT\A(IT) 
is determined by the square of Proposition 15. II below. The goal of 
the next section is to compute a CDGA model of that square. 

5.1. CDGA model of the diagonal embedding of the pair (IT, dW) 
into (IT X IT, d{W x IT)). The goal of this section is to prove the fol¬ 
lowing proposition. 

Proposition 5.1. Let W be a compact connected orientable manifold 
with boundary dW. Suppose given a GDGA surjective model 








/ 3 : B—^dB 
of the square 
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of the inclusion dW ^ W. Then a CDGA model 


(25) 


W X VT 


d{W X W) 


-JW 


dA 


^dW. 


where A is the diagonal map and dA is the composition dW ^ dW x 
dW ^ d{W X W) is given by the CDGA square 


( 26 ) 


B® B 




B 


(ker/3(giker/3) ^ 


dB 


where ja is the multiplication, a is the projection on the quotient, and 
jl the map induced by (3 o p,. 

The rest of this section is devoted to the proof of this result and for 
the rest of it we will use the notations introduced in the proposition. 
First, notice that, since hF is a manifold with boundary, hF x IT is also 
a manifold with boundary 

d{W xW) = W xdW Gaw^aw dW x W. 

In other words we have a pushout (and homotopy pushout) 


(27) d{W X W) -- X {dW) 

pushout 

{dW) X W - - ^dW X dW. 


The key argument to prove Proposition 15.11 is that Diagram (1251) is 
the right upper half of the following diagram 


(28) IF X hF -- 

d(W X W) --^hF X (dW) 

pushout 

(dW) X hF -- ^dWx dW -- ^dv 


where the maps are the obvious inclusions and diagonals, and the small 
left lower square in (1251) is the homotopy pushout (1271) . 

























18HECTOR CORDOVA BULENS, PASCAL LAMBRECHTS, AND DON STANLEY 
Lemma 5.2. The following diagram is a CDGA model of diagram fl28p 


(29) 


B®B - - - ^B 


P -^ B®dB d 


pullback 


/3(g)id 


dB®B —^ dB®dB- 

id 


dB 


where P is the pullback of the small sguare, a is the morphism given 
by the universal property, and /i are the multiplication morphisms. 

Proof of Lemma 1,5. A . Using the classical CDGA models for products 
and diagonal maps on spaces, the fact that Api turns homotopy pushout 
of topological spaces into homotopy pullbacks of CDGAs, that a pull¬ 
back of CDGA surjections is a homotopy pullback, and standard tech¬ 
niques in rational homotopy theory we get that a GDGA model of 
Diagram (l28l) is given by the following diagram, where P' denotes the 
pullback of the left bottom corner of the square, 

(30) 

Apl{W) O Apl{W) - — -- Apl{W) 

P' -- Apl{W) ® ApL{dW) 

pullback 

ApL{dW) ® Apl{W) —-- ApL{dW) ® App^dW) -- App^dW). 


This diagram is easily seen to be equivalent to Diagram 

□ 


The following lemma computes the small lower left pullback square 
in Diagram (|29|) . 

Lemma 5.3. We have a pullback in CDGA 


( 31 ) 


BS,B 

(ker /3(g)ker /3) 



B®dB 



dB ®B 


idQB®h 


dB ® dB. 

























RATIONAL MODEL OF A COMPLEMENT 


19 


Proof. Consider the following diagram of CDGA’s where the internal 
square is a pullback and a is the map induced by the universal property: 


B®B 



It is straightforward to check that a is surjective and that 

ker a = ker f3 ® ker /3. 

Therefore we have an induced isomorphism 

B® B 


a : 


ker (3 ® ker (3 


P. 


□ 


Proof of Proposition Id. il Diagram is the upper right part of Dia¬ 
gram (l28l) . therefore, by Lemma [5.2L a CDGA model of (l25l) is given 
by the upper right part of fl29p . Using Lemma [5.81 which computes the 
pullback P, we deduce that this GDGA model is (ES])- D 


5.2. A first CDGA model of Gonf(lU, 2). Let f3\ B —OB be a 
surjective GDGA model of i: dW W. Using the results of Section 01 
a GDGA model of Gonf(lU, 2) = lU x 1U\A(1U) can be obtained from 
a GDGA model of 


(32) 


WxW 


->W 


d{W X W) 


dA 


.Jdw = dwxwW. 


which, by Proposition 15.11 is given by 


(33) 


B® B 


B0B 


B 


(ker/30ker/3) ^ 


3 

dB. 


Theorem 5.4. Let W be a eompact triangulated manifold with boun¬ 
dary such that W and dW are 2-connected. Let (3: B —^ dB be a 
surjective CDGA model of dW ^ W and consider the map 

fi : ker (3 ® ker (3 —)■ ker (3 
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induced by the multiplication p-. B ® B ^ B. Suppose given a B ® B- 
dgmodule morphism 

5': D ^B®B 

weakly eguivalent to 

s-2"#ker/? ^ s-2^#(ker/3 ® ker/3) 
and such that = 0. 

Then every truncation of the mapping cone of 6' admits 

a semi-trivial CDGA structure and 

B®B^ r-2^-3C'(5') 

is a CDGA model of Apl{W x W) ^ Api(Conf(kk, 2)). 

Proof. Since W and dW are 2-connected, we have that the morphisms 
A: W ^ W X W and dA: dW d{W x W) are 2-connected. So we 
are under the hypothesis of Theorem 14.51 with r = 2, and the result is 
a direct consequence of it. □ 

We deduce the rational homotopy invariance of Conf(fT, 2). 

Corollary 5.5. Let W he a compact manifold with boundary. If W 
and dW are 2-connected then the rational homotopy type of Coni{W, 2) 
depends only of the rational homotopy type of the pair (IT, dW). 

The rational homotopy invariance of Conf (IT, 2) when IT is a closed 
2-connected has been established in [S], and [2] gives partial results in 
the 1-connected case. When IT is not simply-connected, [ 12 ] shows 
that there is no rational homotopy invariance. 

Remark 5.6. If we have a CDGA guasi-isomorphism B —^ B' and 
5 ''; D' ^ B' ® B' a B' ® B'-dgmodule morphism which is weakly eguiv¬ 
alent as a B ® B—dgmodule morphism to then it follows im¬ 

mediately from Theorem \5.4\ that 

B' ®B' ^ 

is also a CDGA model of AppfW x IT) —)■ y4pL(Conf(lT, 2)). 

5.3. A CDGA model of Conf(lT, 2) when {W^dW) admits a sur¬ 
jective pretty model. Let IT be a compact manifold of dimension 
n with boundary dW such that both IT and dW are 2-connected. In 
this section we will construct an elegant CDGA model of Conf (IT, 2) 
when the pair (IT, dW) admits a surjective pretty model in the sense of 
[H Dehnition 3.1]. Let us recall what this means. Suppose given 

(i) a connected Poincare duality CDGA, P, in dimension n ; 

(ii) a connected CDGA, Q] 

(hi) a CDGA morphism, (p: P ^ Q. 
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Since P is a Poincare Duality CDGA there exists an isomorphism of 
P-dgmodules 

(34) 0p:P^s-”#P 

Consider the composite 


(35) 


I _ T) 

ip-:s 




^#P 


P, 


which is a morphism of P-dgmodules. Assume that the morphism 

: s —)■ Q 

is balanced (see Dehnition \2A\ and consider the CDGA morphism 

(36) © id: P ©^i ss Q ss 

When flH!)]) is a CDGA model of the inclusion dW ID we say that it 
is a pretty model of the pair (fP, dW). If moreover ip is surjective (and 
hence also fl5B]l l we say that is is a surjective pretty model. Then if we 
consider the differential ideal 


(37) / = v,'(5-"#Q)cP, 

[H Corollary 3.3] states that the CDGA P/I is a CDGA model of W. 
In [1] we proved that many compact manifolds admit surjective pretty 
models as for examples even-dimensional disk bundles over closed man¬ 
ifolds, complements of high codimensional polyhedra in a closed man¬ 
ifold, as well as any compact manifold whose boundary retracts ratio¬ 
nally on its half-skeleton (see [U Dehnition 6.1].) 

The objective in this section is to use this model, P//, of W to 
construct an elegant model for Conf(lD,2), analogous to the one con¬ 
structed in jH] for conhguration spaces in closed manifolds. 

Since P is a Poincare duality CDGA, for any homogeneous basis 
{©}o<i<A of P, there exists a Poincare dual basis {a*}o<i< 7 v charac¬ 
terized by e(aja*) = 5ij where e : P"" —)• Q is an orientation of P and 
5ij is the Kronecker symbol. Let A ^ {P ® P)” be the diagonal class 
of P © P dehned as 


(38) 


N 

A = E( 

1=0 


-l)l“>lai©a*. 


Denote by 


tt: P ^ P/I 

the projection. Taking the image of the diagonal A by the projection 
ttCtt: P©P—)-P//©P// we get a truncated diagonal class 


(39) A = (tt © vr) (A) e {P/I © P//)”. 


Dehne the map 

(40) a’ : s-^P/I P/I © P/I ; s-^x ^ A ■ (1 © a;). 
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Lemma 5.7. The map A': s ^P/I -P- P/I ® P/I defined in (HUD is a 
P/I ® P/I-dgmodules morphism. 

Proof. In [SI Lemma 5.1] it is shown that for P a connected Poincare 
duality CDGA, the morphism A': s~'^P —)■ P ® P ; s~^x i-A A(1 0 x) 
is a P 0 P-dgmodules morphism. 

We have the following commutative diagram 


s-^P 


A- 


P ® P 

7r(S)7r 


s-^p/i p/I ® p/I. 


Since P/I is a P-dgmodule generated by 1 G P/I, this implies that A' 
is a P 0 P-dgmodules morphism, and the surjectivity of the morphism 
TT : P —j- P/J implies that A' is a P/J 0P/J-dgmodules morphism. □ 

The main result of this section is the following theorem. 

Theorem 5.8. Let W he a 2 connected compact manifold of dimen¬ 
sion n whose boundary is 2-connected. Suppose that {W, dW) admits a 
surjective pretty model of the form fl5B]) . and let A be the P/1 ® P/1- 
dgmodules morphism defined in (|4(J|) . Then the mapping cone 

C(A) = {P/I ® P/J) ©^! ss-'^P/I, 
eguipped with the semi-trivial structure is a CDGA model of Coni {W, 2). 

Before proving the theorem, let us £x some notation and prove a 
lemma. Set 


P = P©^!SS-"#g and dB = Q®ss-^ifQ. 

By hypothesis 

(41) fi ■■= ip ® id: B ^ dB 

is a surjective CDGA model for the inclusion dW W. Also let 
B' := P/ 1 and notice that the obvious projection tt © 0: P ^4 B' is a 
quasi-isomorphism of CDGA. According to Theorem 15.41 and Remark 
15.61 we only need to show that A' is equivalent to which is the 

content of the following lemma. 


Lemma 5.9. There exists a B ® B-dgmodules commutative sguare: 


( 42 ) 


s ^P/I 


A’ 


Op 
2n 


s-"^#ker/? 




P/I ® P/I 

ker fi ® ker fi. 
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Proof. By Poincare duality of the CDGA P, we have a P-dgmodules 
isomorphism 9p : P This morphism induces, by construc¬ 

tion of the differential ideal I <Z P (see and fl57D h a P-dgmodules 
isomorphism 

Op: P/I ^ s-"#ker(p. 

The morphism 

/3 := (p © id: P ^ dB 

is a surjective CDGA model of dW W. We have an obvious iso¬ 
morphism ker fl = ker ip as P-dgmodules. So, we have a P-dgmodules 
isomorphism (that we will also denote 6p) 

Op: P/I ^ s-”#ker/3. 

An easy computation shows that for (p, m) G P = P © ss~'^f/Q and 
X G P/J, 

6p{{p,u) ■ x) = {p,u)9{x). 

Thus 9p is a, morphism of P-dgmodules and, via the multiplication 
p,-. B ® B —)■ P, it is a P © P-dgmodules morphism. As a direct 
consequence we have the P © P-dgmodules isomorphism 

9p^p- P/I®P/I ^ s-”#ker;5©s-”#ker/3 ^ s-2^#(ker/3 © ker ;5) 

By Lemma 15.71 the morphism A' is a P/J © P//-dgmodules mor¬ 
phism, and hence it is also a morphism of P © P-dgmodules. 

Consider the following diagram of P © P-dgmodules 


s ^P/I 


P/I © P/I 


Op 




0p®6p 


s ker jl - > s ker jS © ker /?, 


and let us show that it commutes. Since P/J is a P © P-dgmodule 
generated by the element 1 G P/J, it suffices to prove that 

9p © 0p(A'(s-” 1)) = s-”#/i(0p(s-”l)). 

A straightforward computation shows that this is the case. □ 

Proof of Theorem \5.tA Since W and dW are 2-connected, Lemma 15.91 
Remark 15.51 and Theorem 15.41 imply that 

P/I®P/I 

is a CDGA model of Conf(lT, 2) ^ W x W. Moreover, we can verify 
that the morphism A- is balanced, therefore G(A’) is also a CDGA 
when equipped with the semi-trivial structure. By the 2-connectedness 
of the manifold W and for degree reasons we have that G(A’) 

is a GDGA quasi-isomorphism. □ 
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5.4. A CDGA model for Conf(iy, 2) when ly is a disk bundle of 
even rank over a closed manifold. We apply the model constructed 
in Section 15.31 to disk bundles. 

Let ^ be a vector bundle of even rank, 2k, for some k > 2, over 
some 2-connected closed manifold, M, of dimension m. Then the disk 
bundle is a compact manifold of dimension m + 2k with boundary 
the sphere bundle S^. 

Let Q be a Poincare duality CDGA model of M, let 

AgeiQ^Qr 

be a diagonal class for Q, and let 

e G n ker((iQ) 

be a representative of the Euler class of Denote by (Ag • (e ® 1))' 
the Q ® Q—dgmodule morphism 

(Ag • (e ® 1))' : Q 0 g, ^-(-+ 2 ^)^ ^ Ag ■ (e ® g), 

which is balanced. Consider the mapping cone 

g 0 Q 0 ss-(™+2Dg 

(AQ-(l®e))' 

which is a CDGA. 

Theorem 5.10. With the notation above, assume that the vector bun¬ 
dle ^ is of even rank 2k > 4, and that the base, M, is a 2-connected 
closed manifold. Then 

g 0 g 0 ss-(-+2Dg 

(AQ-(l®e))' 

is a CDGA model o/Conf(D,^, 2). 

Before proving this theorem, let us hrst deduce the rational homo- 
topy invariance of that conhguration space. 

Corollary 5.11. The rational homotopy type of the configuration space 
of 2 points in a disk bundle of even rank > 4 over a 2-connected closed 
manifold depends only on the rational homotopy type of the base and 
on the Euler class. 

Proof of Corollaru \5.11[ By the main result of [lU], the base of the 
bundle admits a Poincare duality CDGA model, Q. Let e G QCiker^dg) 
be a representative of the Euler class. By Theorem 15.101 a CDGA 
model of the conhguration space, and hence its rational homotopy type 
since it is simply connected, depends only on those data. □ 

Proof of Theorem Ah.KA Denote by ^ a generator of degree 2k and de- 
hne the GDGA 


Q ® Az 
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which is a Poincare CDGA in dimension n = m + 2k. Define the CDGA 
morphism 

by + (l 2 z) = Qi + <12 ■ for qi,q 2 G Q- Then [H Theorem 4.1] and 
its proof establishes that the pair admits a snrjective pretty 

model associated to ip. We will then nse Theorem 15.81 to establish the 
model of Gonf(D^,2). 

Following the notation of [H proof of Theorem 4.1], one compntes 
that 

/ = p{s-^i^Q) = = z-Q. 

We need to compnte the trnncated diagonal class A G P/ 1 ® P/ 1 . Let 
{qi} be a homogeneous basis of Q and let {q*} be its Poincare dual 
basis. Denote by a; G the fundamental class of Q, so that we have 

qi ■ q*j = 5ij ■ u mod 

Then 

(43) {qi} U {qi ■ z} 

is a homogeneous basis of P and —uz is a fundamental class of P. 
Then the Poincare dual basis of fITHD is given by 

{Q* ■ (e - z)} U {-q*} 

because of the four equations 

qi ' ~ z) = —6ijUZ mod 

Qi ■ (-Qj) = 0 mod P<”, 

(Qiz) ■ {q*j{e - z)) = qiq*{ze - = 0 mod P<”, 

{Qiz) ■ {-q*j) = -qiq*jZ = -5ijUZ mod P<”. 

Therefore the diagonal class in P is given by 

Ap = ^(-l)bil(g. 0 q*[e -z)- qtz 0 q*) e P ® P, 

i 

and, since / = Qz, the truncated diagonal class is 

Ap = ^(-l)b^lg, 0 q*e G P/I ® P/I. 

i 

The diagonal class of Q is 

= eQGQ, 

i 

therefore, using the canonical isomorphism P/I = Q, we have 

Ap = AQ-(l0e). 

The theorem is then a direct consequence of Theorem 15.81 □ 
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Note that the total space, of the vector bundle ^ is homeomor- 
phic to the interior of and therefore Conf(i?^,2) ~ Conf(Zi)^, 2). 
In particular, when the bundle is trivial the above gives a model of 
Conf(M X 2). Hence we recover partially the result pQ Theoreml]. 

Interestingly enough we get different models when the bundle is not 
trivial. Consider for example the quaternionic Hopf line bundle, rj, 
over of rank 4. In that case we can take Q = (Q[x]/(a;^), dg = 0), 
with deg(x) = 4, as a model for and the Euler class is represented 
by e = X. Using the model of Theorem 15.101 one computes easily 
that the rational cohomology algebra of Conf [Dr], 2) is the same as 
V V Q), but Conf(Zl? 7 , 2) is not formal because it admits 
a non trivial Massey product in degree 11. 

By contrast, for the trivial bundle of rank 4 over S^, e = x 
one computes that Conf (He, 2) is formal and its rational cohomology 
algebra is given by 


H*{Conf{S^ X M^2);Q) = 


A(x, x', u) 

(x^, x'^, ux — ux') 


with deg(x) = deg(x') = 4 and deg(M) = 7. 

Thus the two compact manifolds Dr] and De of dimension 8 are ho- 
motopy equivalent but their conhguration spaces have different Poincare 
series. This is because their boundaries, dDr] = S'^ and dDe = S‘^x S^, 
are not homotopy equivalent. 


5.5. A CDGA model for Conf(lU,2) when W is the complement 
of a snbpolyhedron in a closed manifold. Let M be a 2-connected 
closed manifold of dimension n. Let A C M be a 2-connected subpoly¬ 
hedron such that dimM > 2dim(A) -|- 3. In this section we explain 
how to build a CDGA model of Conf(M\A, 2). 

Let T be a regular neighborhood of K in M, in other words T is a 
compact codimension 0 submanifold of M that retracts by deformation 
on K. Then let W be the closure of M\T in M, which is a compact 
manifold with boundary dW = dT. The interior of W is homeomor- 
phic to M\K. Therefore Conf (M\A, 2) is homotopy equivalent to 
Conf(fU,2). 

Let us recall how to build a pretty surjective model of (fU, dW). By 
[H Proposition 5.4] one can construct a surjective CDGA model 

tp ■. P ^ Q 

oi K ^ M, where P is a Poincare duality CDGA and = 0. 

As explained in [H end of Section 3], the main result of [0] implies that 
the pretty model associated to (p, 

<^ © id : P 0 ^ g 0 ss-"#g 

ifi'- 
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is a CDGA model of {W^dW). Therefore, by Theorem 15.81 a CDGA 
model of Gonf(M\A', 2) is given by 

a' 

Let us illustrate this for the conhguration space of a punctured man¬ 
ifold. Let M be a closed 2-connected manifold and set W = M\{a;o}, 
with xq G M. Let P be a Poincare duality GDGA model of M with 
fundamental class 

u e P”. 

Pick a homogeneous basis {ai}o<i<Af of P with oq = 1 and = u. 
Let {a*} be the Poincare dual basis. Then the diagonal class is 

N-l 

A = 1 ® cj -I- {—lYoj ® 1 ® g* 

i=l 

with 1 < deg(aj) < n — 1, for 1 < i < A — 1. In that case we can take 
I = Q - u and we get that 

P = P/(Q-a;) 


is a GDGA model of M\{xo} and the truncated diagonal is 

_ N-l 

A = Uj® a*. 

i=l 


Thus 


P®P0ss-”P 


is a GDGA model of Gonf(M\{xo}, 2). 
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